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Testing Hypothesis on Probability Representing Function

—Kolmogorov-Smirnov Test Reconsidered——
Sigeiti Moriguti*

As a method of testing hypothesis on cumulative distribution function, textbooks present
Kolmogorov-Smirnov one sample test. It draws a pair of curves on each side of, and parallel
to, the null hypothesis curve, with constant distance (probability-wise), and if the empirical
curve goes outside of these boundary curves then the null hypothesis is rejected. The
(probability-wise) constant distance for any distribution is a characteristic of this test, and
it is the reason why it is classified as a non-parametric test. But is it the only possibility, or
is it the best ?  Starting with this question, this paper observes the behavior of Kolmogorov-
Smirnov test, and proposes an alternative which we shall call “probability limit method”.
Comparing the testing power empirically for several typical examples, it is shown to be an
improvement certainly. On a number of examples in Moriguti (6], ‘probability limits’ are
drawn in, and it is observed that they show the form and order of magnitude of the empirical
variation of the ‘representing function’, which is defined to be the inverse of the cumulative
distribution function.
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(1.1) u=F(x)
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EHL, BEIGEWEIATE, REZFERLLELTHENNIWI EHRRTENS,

ZDMERIZOWT, doax DA% [EBRWERER I ORI L THS L, H3NHEONDE (R
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n=100 1T L T, 2a¢=0.003 £ & o7z & & D 2.(1), z0(i) REFELEREE 1 CRT. “h
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#1 HEREF (—HAE, n=100,2¢=.003)

i 2()  zu(d) i z2(3)  zu(d) i z(3)  zu(d) i z21(3)  zu(d)
1 .00002 .06295! 26 .14298 .39645| 51  .35988 .64952| 76 .61458 .86480
2 .00056 .08449| 27 .15084 .40739| 52 .36933 .65886 | 77 .62570 .87249
3 .00222 .10285| 28 .15878 .41825| 53  .37884 .66815| 78 .63690 .88009
4 .00485 .11962| 29 .16680 .42903{ 54  .38841 .67738| 79 .64821 .88759
5 .00825 .13538| 30 .17490 .43974 | 55 .39804 .68655| 80 .65961 .89499
6 .01223 .15042 | 31 .18307 .45037 | 56  .40772 .69566 81 .67112 .90229
7 01670 .16492 | 32 .19131 .46092 | 57 .41746 .70472| 82 .68274 .90948
8  .02157 .17898 | 33 .19962 .47141| 58 .42726 .71372| 83 .69448 .91655
9  .02677 .19267 | 34 .20800 .48183| 59  .43712 .72266| 84 .70635 .92350
10 .03226 .20605| 35 .21644 .49219| 60 .44703 .73154| 85 .71835 .93032
11 .03800 .21916| 36 .22496 .50247 | 61  .45701 .74037| 86 .73050 .93699
12 .04397 .23204 | 37 .23353 .51270| 62 .46705 .74913| 87 .74281 .94351
13 .05014 .24471| 38 .24217 .52286| 63  .47714 .75783| 88 .75529 .94986
14 .05649 .25719| 39 .25087 .53295| 64 .48730 .76647 | 89 .76796 .95603
15  .06301 .26950 | 40 .25963 .542991 65 .49753 .77504 ] 90 .78084 .96200
16 .06968 .28165| 41 .26846 .55297 { 66 .50781 .78356 | 91 .79395 .96774
17 .07650 .29365| 42  .27734 .56288 | 67 .51817 .79200| 92 .80733 .97323
18 .08345 .30552 | 43  .28628 .57274 | 68  .52859 .80038 93  .82102 .97843
19 .09052 .31726 | 44 .29528 .58254 | 69  .53908 .80869| 94 .83508 .98330
20 .09771 .32888 | 45 .30434 .59228 | 70 .54963 .81693 | 95 .84958 .98777
21  .10501 .34039| 46 .31345 .60196| 71  .56026 .82510| 96 .86462 .99175
22 11241 .35179 | 47 .32262 .61159 | 72  .57097 .83320| 97 .88038 .99515
23 .11991 .36310| 48 .33185 .62116{ 73 .58175 .84122| 98 .89715 .99778
24 12751 .37430 | 49 .34114 .63067 | 74 .59261 .84916 99 .91551 .99944
25  .13520 .38542 | 50 .35048 .64012| 75 .60355 .85702 ) 100 .93705 .99998
(4.1) xo(w)=0(u)  (0<u<1)

YU, SRS LT [EHE v t 5Fl 2o T, RENEFTAXRTAHI D, T £=100
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nh, PoR3® a=b=1/2 £33, #hiZ FBEZEAN] L&, BESMERI

4.2) Fy(x)=(2/r)Arcsin(vx), (0<x<1),
Lieh3o T, FERFHBIK
(4.3) x0(z)=sin*(un/2)
b0,

AR A a=b+1/2 £ L THRHEA R ERICTHARTASE, MI0DO LS D, *HITR
%1 % Kolmogorov-Smirnov #5E DB EEART, OHITREN S [FERRFE| OBRES
BEENTWBIED, ZIRBROGNS,

%13, HMIBAEEST. BAMEES/IMEEBHRLT [BE] v, TOEEDDHOBRS
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BLi—EeRd L ib»sd FO [6], §45).

Wi, Yoz (58] L, MikEzzomAlci AR & [a—yv—#]
WWEST, BETERARTHS, M BZFOBRTHS. FREDOLEERAY, A0 sa—
Y—REHIS L, A=0 IEHE G T 5.

ZZRHBVE FTLEKROMERBE SN2, & <12 Kolmogorov-Smirnov #R5E DS, HIRAS
DOFRANDERCHB L Z L 3B ELI TH 5,
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DIZDOVT, ZZRRET S [BEXRBARE] CL2HERFABREBEEANLOOERTALY,
Bl BEoEE(FEOK], M12.5). M12001, »53Hb 32 RESTEBICEIIL 72 n=
100 50EDOES %, AIECE L TR LLEHSTH L, BRBRIXERERSEEL AR L
RTXwv, ZOETRS Wi SRE, BRBEREZRTOOTHY, K1 1D 25 HHE 2.(0), 20(2) D
10000 fE2 M E > TITEAL 7DD TH 5, FRH R ITRTCIOBRRANCBEE-oTHBY, H
FER S OMENT D, K1 OFO—FRERTBELLIBZVEERZL TV,

Bl 2. YHEEHOEREOM FO[6], M31.1). K13 00OR, FRich- 7z [EREE]
DO OERYEEL 36 BOREER (SIBA TR LI L S OEEDE S %, 10 DBEFE CHRE L
T, 1P EI0RBOBCELIzbD) 2FBECUERTITALIZbDTH S,

BHHRE 2(0)=10%0<u<1) TH 3, S TESRKEERBRICH > T B, EESI,
LrotRIRBEEENI- T DH 5,

B, ZITHHEBRREEEREL VS, 2R #=36 1KLL T, F1 LEHRCHELT
R Iz z(w), z20(u) &, EORBEEE x(u) ZHCTEHBLIZDDOTH S,
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PEMBNOIBETDHS ZLdtbyd, ZOEHE, EmREER LA CHTEERS 5.
I} @ Kolmogorov-Smirnov [RFSR L D b, bbb OBRFEDOIZI 5, L HVERL LR Sh
%,

B3, BHOBSOBAKMEOME (FRO(6], B42.1). K 1413, F12 THW: 100 HO 7 —
%%, BHEIEC 5 @30 20 e, ZhZhofoTORAESR, RECEREZTOTE
RLIbDTHS, Bise U, Ao 2HA, BRPERTAEY, n=201ZD2nTH
1 EERRICETE L7 RAE S, HERR UK TERL T >0 TH 3,

ZOBED, BARTEBREILSE->TBD, Thoid T{HRLWETE 3,

Bl4. MRRARTLAOSHRVES FRO(6], K52.1). MBERIHRRT LDSHREDRABET
Bohnl n=200ED7 -2 12, WEHOBRBESHFELTRID TS, M5B IhErER
BBOBICLTRLIEDDTH S,

YL BERES BT 2 L) CBBER E RERTFRED THBDT, PRI TERS L
BB LA DRYURTHLELTH, MR THARE LA LPERBEO LIIDO- TS
ERTEIWIEETH S,

ZOHED, BAKRIE, #n=200 conTDER]1 L FAROEEDY %, BiHg LR UEKTE
BLIREOFIELTRLTWEY, THIBSLTYH, BEREEBRIBHALALEILEST
WBERTIW,

BS5. U4 TVEEREO LOBRFE GO (6], K53.1). K163, s SRR 2T
MRRR T 2B 3 200 HORT—5 %, VA TVERKO LTS LIzbDTHSL, 74
TNVEERRIE, COETEREACEBRELETRDZ2HD0DTHD, ZOHE, ER £=0.07
SCOVDERBEISYTIREVZES TH S,

—75, n=200 DFEORFEEE, £=0.07 OEBEAKEFOCTEHBLE HORIFABTRL
ThHs., ZO5HE, FERRREOHTREABFRCEL, GEOATRTHERGEVDT, b
L0EboENBVEERVIEADY, boti{BETHIOMLLAKL, bok b,
NEEED ZAVE&E, B EANODTRICHRT TFHAAND TR EEEL CGROEM D
HHOT, ZOBORERZ L &L, FORCEETLESD S,
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6. MHSTHOBELOMH

i CRIZ DT RTHB L2 LLEFEAIROBE TH > 7z, Kolmogorov-Smirnov BE Id—
BCEEARCGERT 25D 3NTV 3, BEAHIZOWT, bbh OMERRAE % #A
FTBLEEARZECREDE, W OLDFIIZOPVTRTALD, '

—BCREEERO LY > 3 SEARKCR SN TV 58, 2 Oz OBRNZHEXY b,
D RRIEE

(6.1 Pe=pitppt-+p:  (2=1,2,-)
LLREE, ST, n=100 % 5ER 1 D (i), 20() AT,

i(x)=max{i|20()) < Pe}  (x>1),
(6.2) =0 (.Z':].), ‘

6.3) ' ix(z)=min{i|z.(2) > Py} (x=1)

BED, (i(z),r) 2ERLBEESERG (left limit), (i(z),x) % BERH%EHTRFR
(right limit) £ U, EHEABZORAREBR - OFTBLEND S LHET 5.
Bl BEARHE 7Y ORER) DBERCOVT, TAIEI 3 TORIFETOREE x
53 e, Fh3 TEAME KD, p=1/3 D& & OERLRBBBOREER L, n=100
EORATOERADY S 7 (%O (6], K83.1) iz, BRORAGrHEEAL YL, H17T0OX
515,

ERRETRTRARICB S E > TV 52, BFMRGECRbHE I EiED 5.
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2. ADZHAE 7IYOHRp DERIZOVT, 2EHDOT 5V HH 2 & CoOHR
TOEEZ2 LT 2L, ThIZIEE —20 [AOTEHMG) S, p=1/3 DEEOERE L
EREOR (ﬁ:l (6], B983.3) &, FRDOBFEEE SR, MI18DE >k 3,
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ZAYD, BHARELGOBFEOMIZIEY
E{BEEOTVE.

#3. Hhrb—naf (FO[6], §84) DF
HESUE, EEEOKERGESPORLTRY
b, W IGEGERTH S, n=100 icxiL
ThhbhORETZBARTATS L, K19
DERSE NS, EREHIKELRBICE D
LZATIE,BRALRUES QAT 503,
ZDBEDRFR, EEAHOBRE L R,
KEnEHIOLEREL, ¥ -ANEL BT
RETHD, 53T 3L, IOLORHFHRS
HEOVTH, bbhOHEEREE, 1Y
LM bDTHD L ttbb D,

B19 &> b—n5A (n=100)

.6 T U

Tz KT 3 [RERRA: ] 12, $EK0 Kolmogorov-Smimov BEHAT, &hERT
B0, ERELTCRTWR IS n LR EEY, ThdD 50 SRRBICHL T
BEThBEERLTHEDITREVS, [V 2872 MY v 7 2REI LR S NBRED
HIZ b3 3H5T, HIEOMIERECHNT RESIDRT, ZOELEWHKT 5L
BREECLTIVERS, ARXEZIVIRAD—DERZIENTELS,

BEERE] OLTX Ao T3 bDw, Karl Pearson 2855 5 (44 2 BRES
H5, THZEBEOBLETF—FE2nTRHRSbOTHEY, ZIOXRICELES L
FThid, REOEORD 2O O»TDH 2 BORBLBSLETH S, TOILEEDT,
BREDEENTH2 2 LA 2EETRH 2, ZHIPROBECRL B,

2B, [HERRFEIEFICOVTS, FIERORETL, bo LENIeitEENZBEL TO
BEORLLZY, BRSWEFEENS L, ERXVE>LTE>T, £ HEANOHRED
BEND T LD SHIELI L, ' ’

8 £ XM

[1] Birnbaum, Z. W. (1952). Numerical tabulation of the distribution of Kolmogorov’s statistic for finite
sample size. J. Amer. Statist. Assoc. 47, 425-441.

[21 Doob, J. L. (1949). Heuristic approach to the Kolmogorov-Smirnov theorems. Annals of Math. Stat.

) 20, 393-403.

[3] Feller, W. (1948). On the Kolmogorov-Smirnov limit theorems for empirical distributions. A#nnqls of

Math. Stat. 19, 177-189. [Errata, 301-302.]

[4] Kolmogorov, A. (1933). Sulla determinazione empirica di una lgge di distribuzione. Inst. Ital. Attuari,
Giorn. 4, 83-91. , '

[5] Massey, F. ., Jr. (1950). A note on the estimation of a distribution function by confidence limits.
Amnnals of Math. Stat. 21, 116-119.

[6] HO%— (1995). RMeRFHBIL, HRAZHIRR, : ‘

[7] Smirnov, N. (1939). Ob uklonenijah empirieskoi krivoi raspredelenija. Recueil Mathematique
(Matematiéeskii Sbornik), N. S. 6 (48), 3-26.



